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“GOD does not play dice with the universe”

— A. Einstein

Abstract

We present the GOD Programme (Geometrically Oriented Density), a
geometric framework proposing the Torrado Manifold M — an infinite-
dimensional self-similar fractal manifold — as the fundamental object of which
the observable universe is a projection. The starting point is an observation
about Maxwell’s equations: the condition divB = 0 is not an axiom but the
zero-curvature limit of the complete equation

divB = C(1) · µ0 · ρm ·R,

where the coefficient C(1) = 1
2 is derived without free parameters from the

algebra.
The central invariant of the programme is the curvature coefficient

C(dH) =
Γ(1 + dH)2

Γ(1 + 2dH)
,

defined over each folding subspace Ki of Hausdorff dimension dH . It is shown
that C(dH) admits five independent equivalent representations: algebraic (Gamma
function), statistical (moment of the invariant measure of the IFS), spectral
(base-mode norm of the symmetric Jacobi operator), geometric (curvature
coefficient of the heat kernel of the natural operator AdH = (−∆g)

dH ), and dy-
namic (zoom rate of effective curvature under the renormalisation group flow).
Their convergence from five distinct mathematical languages establishes C(dH)

as a genuine invariant of the manifold.
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The Torrado Algebra s(K, dH) is the symmetry structure of each fold,
with bracket

[Ta, Tb]
T = f c

ab Tc + C(dH)Rc
ab Tc.

The gauge groups U(1), SU(2), SO(3, 1), and SU(3) emerge without postula-
tion as isometry groups (or their Lie algebras) of S1, S2, H3, and CP2, corre-
sponding to the four folds with integer Hausdorff dimension dH ∈ {1, 2, 3, 4}.
The algebra is rigid: GalT (S(M)) = {id}.

The matrix heat kernel KM has ten coefficients — four diagonal and six
mixing — completely determined without free parameters. The breaking of
Jacobi symmetry in the zeta function ZM(t) under t ↔ 1/t is the exact alge-
braic consequence of the existence of multiple forces with distinct Hausdorff
dimensions. Partial classifications of the irreducible representations of the al-
gebra for non-integer dH are presented, via the fractional Casimir operator with
eigenvalues λn(dH) = n(n + 2dH + 1), and of the fractional exponential map
via the Mittag-Leffler function, whose image is a Mittag-Leffler groupoid
(an algebraic structure weaker than a Lie group, recovering the classical case
in the integer dH limit).

The programme produces falsifiable predictions: divB = 1
2µ0ρmR near

black hole horizons; C(1/2) = π/4 as candidate curvature coefficient for the
dark matter sector; zc = d∗ − 1

4 ≈ 0.4278 as structural parameter of the dark
sector unfolding model; and a tokamak confinement factor H0 = 2.5, consistent
with the observed empirical value.

Keywords: fractal manifold, Hausdorff dimension, fractional Lie algebra,
heat kernel, gauge groups, magnetic monopole, dark matter, Mittag-Leffler
function, Jacobi polynomials, renormalisation group.
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1 The Question That Started It All

1.1 An asymmetry nobody questioned

The starting point is not abstract. It is an observation about an equation every
physicist knows.

Maxwell’s equations, written in 2 × 2 matrix form, display an asymmetry on
the diagonal: the electric field has a source, the magnetic field does not. This
asymmetry has been accepted as a fundamental axiom of nature for 150 years. It is
not an axiom. It is an incomplete projection.

If Maxwell’s diagonal is incomplete, the complete matrix has more structure. If
it has more structure, there are more dimensions. If there are more dimensions,
there exists a more fundamental theory that contains Maxwell as a special case.
The complete equation is:

divB = C(1) · µ0 · ρm ·R = 1
2
µ0 ρm R, (1)

where C(1) = 1
2

is not a free parameter. It is a prediction of the algebra, derived
without any fitting. In the laboratory, where spacetime curvature is R ≈ 0, one
recovers exactly divB = 0. Maxwell’s asymmetry is not a law of nature: it is the
zero-curvature limit of a deeper law.

1.2 Dirac was not wrong; he was looking at the wrong scale

Dirac searched for the magnetic monopole for decades. He did not find it. The
standard interpretation: monopoles do not exist in nature.

The GOD Programme’s interpretation is different. Dirac was searching in a
puddle: a region of spacetime where curvature R ≈ 0. Without curvature, no
monopole is visible. The magnetic monopole is not an exotic particle requiring
new physics. It is the signature of the term that the projection to four dimensions
suppresses when R = 0. The monopole becomes observable only when spacetime
curvature is sufficient: near black hole horizons, or in the early universe. Dirac was
not wrong in his intuition. He was wrong about the scale.

2 The Torrado Manifold M

2.1 The fundamental object

The GOD Programme proposes that there exists a single geometric object — the
Torrado Manifold M — of which our observable universe is a projection. M is an
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infinite-dimensional self-similar fractal manifold, with folding subspaces Ki indexed
by their Hausdorff dimension diH ∈ R>0.

M has three fundamental properties.

Self-similarity. M looks the same at every scale of observation. This is not
an ad hoc restriction: it is the property that makes the mathematics tractable,
because it guarantees the existence of an exact invariant measure — the Hausdorff
measure HdH — on each of its folds. The Hutchinson–Moran Theorem guarantees
the existence of a unique compact attractor for any iterated function system (IFS)
satisfying the open set condition, with Hausdorff dimension given by the Moran
equation

∑
k r

dH
k = 1.

Folding. M is folded upon itself. What appears distant in the ambient space may
be arbitrarily close through a fold. Wormholes are geodesic shortcuts in M that
appear as discontinuities to the observer restricted to four dimensions.

Infinite dimension. M has folding subspaces of every Hausdorff dimension dH ∈
(0,∞). The four with integer dimension dH ∈ {1, 2, 3, 4} are the folds of the four
known fundamental forces. The folds with non-integer dH correspond to the content
of the universe that observational data identifies as the dark sector (approximately
95% of the total energy content, combining dark matter and dark energy).

2.2 The Grand Unfolding

The universe did not begin with an explosion. It began with an unfolding. M,
initially folded completely upon itself, begins to unfold. Time is the parameter that
indexes that unfolding. What we call the expansion of the universe is the projection
of that unfolding onto the four-dimensional subspace where the observer resides.

The difference between an explosion and an unfolding is not semantic. An ex-
plosion implies outward motion from a point in a pre-existing space. An unfolding
implies that something hidden in higher dimensions becomes progressively visible in
lower dimensions. Space itself is a consequence of the unfolding, not its container.

2.3 The fundamental rule: the GOD rule

The degree of folding of a subspace Ki generates a density. That density generates
the field proper to sector i. The unfolding — the motion of the fold — generates
cross-fields between sectors, whose magnitude depends on the relative geometric
orientation of Ki with respect to the other subspaces. This is the complete gen-
eralisation of Maxwell. The diagonal of the field matrix describes how each sector
generates its own field. The off-diagonal terms describe how motion in one sector
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generates fields in another. In four dimensions, a single sector, zero curvature: it
reduces exactly to the classical Maxwell equations.

2.4 The central invariant: C(dH)

The central invariant of M on each fold Ki is the curvature coefficient:

C(dH) =
Γ(1 + dH)

2

Γ(1 + 2dH)
. (2)

For the folds of the known forces:

C(1) = 1
2
, C(2) = 1

6
, C(3) = 1

20
, C(4) = 1

70
.

These are not fitted parameters. They are inevitable algebraic consequences of the
geometry of M. For integer dH , the relation 1/C(n) =

(
2n
n

)
identifies them with the

central binomial coefficients.
The most fundamental representation of C(dH), discovered in the Fifth Path, is

dynamic: C(dH) is the universal rate at which curvature appears when one zooms
in on fold Ki. When the fold is observed at scale ε:

Reff(ε) ∼ C(dH) · ε−2/dH .

The normalised limit ε2/dH ·Reff(ε) → C(dH)·Rintrinsic does not depend on the concrete
geometry of the fold, only on its Hausdorff dimension. M at scale ε and M are the
same object. There are not two worlds.

3 The Four Known Folds and the Dark Sector

3.1 The four folding subspaces

The four folds with integer Hausdorff dimension are those that admit a classical
Lie algebra limit. Their gauge groups are not postulated: they emerge as isometry
groups of the respective subspaces (or their associated Lie algebras, in the non-
compact case).
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dH Ki Force Gauge group C(dH)

1 S1 Electromagnetism U(1) 1/2

2 S2 Weak force SU(2) 1/6

3 H3 Gravity SO(3, 1)0 1/20

4 CP2 Strong force PSU(3) 1/70

S1 is the only exactly flat fold: the scalar curvature RS1 = 0 exactly. Con-
sequently, the Torrado Algebra correction term vanishes identically for the electro-
magnetic sector. This is why electromagnetism is the mathematically cleanest force:
not because nature decided so, but because its fold is the only one with no intrinsic
curvature.

Remark 3.1. The isometry group of H3 is the full Lorentz group O(3, 1); the con-
nected component of the identity is SO(3, 1)0 with Lie algebra so(3, 1). The holomor-
phic isometry group of CP2 with the Fubini–Study metric is PSU(3) = SU(3)/Z3,
whose algebra is su(3). The correspondences with the fundamental forces are at the
level of Lie algebras.

The generators emerge from geometry without postulation: an electric current
U(1) from the Killing fields of S1; three weak generators SU(2) from those of S2;
six Lorentz generators so(3, 1) from those of H3; eight chromatic generators su(3)

from those of CP2 with Fubini–Study metric.

3.2 The confinement flow

The complete renormalisation group flow of the strong sector follows the sequence:

dSH = 4 (Planck, UV) −→ dSH = 2 (confinement, V ∼ r) −→ dSH = 1 (perturbative QCD, IR).

The confinement potential V (r) ∼ r requires dSH = 2, which follows from the GOD
formula V (r) ∼ rdH−1 evaluated in that regime. The fractional beta function of the
strong sector reproduces the QCD beta function exactly in the limit dSH = 1.

3.3 The dark sector

The content observationally identified as the dark sector (approximately 95% of
the universe) is associated in the programme with folding subspaces of M with
dH ∈ (0, d∗), where d∗ ≈ 0.6778 is the algebraic fixed point defined by C(d∗) = d∗.
This fixed point is exact: numerically verified to ε ∼ 10−16, and its existence follows
from C being continuous, strictly decreasing from 1 to 0, and therefore crossing the
diagonal exactly once.
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Dark matter is a natural candidate for partially unfolded subspaces with dH ∼
1/2, for which C(1/2) = π/4 exactly. Dark energy corresponds to almost completely
folded subspaces, dH → 0, with maximum folding curvature C → 1.

3.4 The unfolding stability condition and the boundary d∗

For a fold Ki to unfold and generate an observable field in four-dimensional space,
the system must overcome an energy barrier with two components: the curvature
energy, proportional to C(dH), measuring the rate at which curvature appears when
zooming in on the fold; and the dimensional energy, proportional to dH , measuring
the capacity of the fold to absorb that curvature through its degrees of freedom.

Unfolding stability condition: C(dH) ≤ dH .

If C(dH) ≤ dH : the fold has sufficient degrees of freedom to absorb its own
curvature, can unfold stably, and generates an observable field (visible sector). If
C(dH) > dH : the curvature exceeds the dimensional capacity, the unfolding is unsta-
ble, and the fold remains hidden from the four-dimensional observer (dark sector).

dH Special point C(dH) C vs dH Sector

0+ Max. curvature → 1 C ≫ dH Dark (dark energy)
1/2 Dark matter candidate π/4 ≈ 0.785 C > dH Dark
d∗ ≈ 0.678 Algebraic boundary 0.678 C = dH Marginal
1 EM (flat fold) 0.500 C < dH Visible√
2 ≈ 1.41 Scale-invariant 0.324 C < dH Visible (inflation?)

2 Weak / Brownian 0.167 C ≪ dH Visible
3 Gravity 0.050 C ≪ dH Visible
4 Strong 0.014 C ≪ dH Visible

Theorem 3.2 (O4: d∗ as dark sector boundary). A fold Ki of M can unfold
stably and generate an observable field in four-dimensional space if and only if
C(diH) ≤ diH . The unique point where this condition is exactly marginal is

d∗ = 0.677816628638 . . . , C(d∗) = d∗.

Folds with dH > d∗ form the visible sector; folds with dH < d∗ form the dark
sector.

8



GOD Programme · Article I · F. Torrado Cano April 2026

3.5 Dimensional cascade of the Hilbert space

The four folds with integer dH ∈ {1, 2, 3, 4} are not only those that admit a classical
Lie algebra limit: they are those that concentrate almost the entire norm of the
state space. The Hilbert norm S(M) =

⊕
n s(Kn, n) satisfies

∞∑
n=1

C(n) = 1
3
+ 2π

√
3

27
≈ 0.7364.

The partial sum over the first four folds is exactly:

4∑
n=1

C(n) = 1
2
+ 1

6
+ 1

20
+ 1

70
= 307

420
≈ 0.73095.

The proportion over the total is 307/[420 · (1
3
+ 2π

√
3

27
)] ≈ 99.26%. All folds with

integer dH ≥ 5 together contribute less than 0.74%. The physical selection of the
four known folds follows by cascade, without the need for a dynamical exclusion
mechanism.

4 The Four-Dimensional Observer

4.1 The Skinner box

B.F. Skinner’s experiments demonstrated that a rat enclosed in a box develops a
sophisticated model of its environment based exclusively on the correlations it can
observe from within, without access to the external mechanism generating them.
The model is internally consistent and functionally correct. But the box is not the
world.

The four-dimensional observer is in the same position. The theories of the last
four centuries — Newton, Maxwell, Einstein, the Standard Model — are extraor-
dinarily precise models of the observable correlations inside the four-dimensional
box. They are correct in their domain. The Standard Model is not wrong. The
GOD Programme contains it as a special case, recovered by projecting M onto the
four-dimensional subspace with curvature tending to zero.
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Conditions on M Emergent theory

N = 2 sectors, R ≈ 0, EM only Complete Maxwell equations
Gravitational sector only General Relativity
GR + v ≪ c + weak field Newtonian gravity
Integer dH , N ≥ 2 Kaluza–Klein
dH ∈ {1, 2, 3, 4}, 4D projection Standard Model

4.2 Where the box fails

Theories inside the box fail when experiments probe the edges of a fold: when the
energy imparted is sufficient for the system to feel the curvature of dimensions the
four-dimensional observer cannot directly see. Two phenomena then appear.

Missing dimensions: the four-dimensional model does not include the in-
fluence of subspaces not fully unfolded. The result is coupling constants without
derivation from first principles, and anomalies patched with ad hoc additions: dark
matter, dark energy, the cosmological constant. None of these additions has a ge-
ometric derivation in the Standard Model. In the GOD Programme, all of them
originate in the structure of M.

Deformation of observation: the measuring apparatus transmits energy to
the system, and that energy interacts with folds of M the observer cannot see.
The result is a systematic deformation of the measurement that the Heisenberg
uncertainty principle does not fully capture, because that principle was formulated
inside the box.

5 The Torrado Algebra

5.1 Why a new algebra is needed

Standard Lie algebras have an exact Jacobi identity. On a fractal fold with non-
integer Hausdorff dimension, the Jacobi identity fails to first order in curvature.
The Torrado Algebra replaces the Jacobi identity with a corrected version that
incorporates it as a limiting case when dH is integer and R → 0.

5.2 The Torrado bracket

The Torrado Algebra bracket on fold Ki is:

[Ta, Tb]
T = f c

ab Tc + C(dH)R
c
ab Tc, (3)

10
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where f c
ab are the standard gauge group structure constants, and C(dH) · Rc

ab is
the fractal correction term. This term is not a postulate: it emerges directly from
the off-diagonal elements of M’s diffusion operator. In the limit of integer dH and
R → 0, the Torrado bracket reduces exactly to the ordinary Lie bracket.

5.3 The generalised Jacobi identity

The correction term modifies the Jacobi identity to first order in curvature:

[Ta, [Tb, Tc]] + cyclic = 2C(dH) · ∇[aR
d
bc] Td. (4)

The proof uses the Leibniz lemma applied to the Torrado bracket. The right-hand
side is the Bianchi identity contracted with the generators. The correction to the
Jacobi identity is a direct manifestation of the fractal geometry of M: no curvature
without correction, and no correction without curvature.

5.4 The seven exact results

The following results are completely proved in Article II:

Id Statement Status

R1 C(dH) = Γ(1 + dH)
2/Γ(1 + 2dH) exact on any self-similar fractal Proved

R2 C(n+ 1)/C(n) = (n+ 1)/[2(2n+ 1)] → 1/4 Proved
R3

∑
C(n) = 1

3
+ 2π

√
3

27
= 0.73640 . . . Proved

R4
∑

n · C(n) = 2
3
+ 2π

√
3

27
= 1.06973 . . . Proved

R5 Unique d∗ = 0.677816628638 . . . with C(d∗) = d∗ Proved
R6 GalT (S(M)) = {id}: algebra is rigid Proved
R7 Gauge groups of Standard Model emerge from fold geometry Proved

5.5 The five representations of C(dH)

C(dH) has five equivalent representations, all proved independently. Their conver-
gence from five distinct mathematical languages is the proof that C(dH) is a genuine
invariant of M.
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Path Representation Formula Status

1. Algebraic Gamma function Γ(1 + dH)
2/Γ(1 + 2dH) Proved

2. Statistical Moment of IFS measure (2dH + 1)B(dH + 1, dH + 1) Proved

3. Spectral Base-mode norm of Jacobi op. (2dH + 1)
∥∥∥P (dH ,dH)

0

∥∥∥2

Proved

4. Geometric Heat kernel curvature coeff. Tr(exp(−τAdH )), curv. coeff. Proved
5. Dynamic Renorm. group flow limε→0 ε

2/dH Reff(ε)/Rint Proved

Structural theorems (Article II).

• GOD Duality Theorem: the algebraic, statistical, and spectral represen-
tations are the same mathematical identity. One-line proof: Γ(2d + 2) =

(2d+ 1) · Γ(2d+ 1).

• GOD Connection Theorem: the natural operator of fold Ki is AdH =

(−∆g)
dH , of order 2dH . The Hausdorff measure HdH absorbs exactly the Rie-

mannian curvature correction: with HdH , the curvature coefficient of the heat
kernel is C(dH) without corrections.

• Spectral Coincidence Theorem (Article II, Thm 2.6): on each fold Ki

of M, the spectral dimension ds coincides with the Hausdorff dimension dH .
Originally introduced as an axiom, proved as a consequence of Axioms 1–3
and the generalised Weyl law.

• GOD Callan–Symanzik equation:[
ε
d

dε
+ 1

2

]
Tr(AdH , ε) = 1

2
C(dH)

∫
K

RdHdH +O(ε1/2).

The leading terms cancel exactly. What remains is the pure curvature coeffi-
cient.

6 The Matrix Heat Kernel of M

6.1 Why the heat kernel is matricial

The folds of M are not independent. They interact through the correction term of
the Torrado bracket. The heat kernel of M is not the direct sum of individual heat
kernels: it is a matrix operator whose diagonal contains the kernels of each sector
and whose off-diagonal elements encode the inter-force couplings, with coefficients
determined by the algebra without free parameters.
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Ignoring the mixing terms would be committing exactly the same mistake as
150 years of physics in assuming divB = 0: taking an incomplete projection for a
fundamental truth.

6.2 The constructive sequence: from Koch to M

The construction uses the Koch curve as a fully controlled test case. The Fourier
projection of order N on the Koch curve is C∞ for every finite N . Its induced
derivative has symbol 2πi · n · γ̂(n) ∼ |n|dH−1: it is the fractional derivative of order
α = dH − 1, completely determined by the Hausdorff dimension of Koch. For M,
the same sequence applies fold by fold:

M −→ Fourier on each Ki −→ derivative of order αi = diH−1 −→ ∆F,i −→ K
(i)
F ,

and the heat kernel of the complete manifold is the matrix operator KM = [K(ij)].

6.3 The diagonal kernels: four physical signatures

The general formula for the diagonal kernel of fold i, with αi = diH − 1:

K(ii)(x, t) =
1

αi

∑
k≥0

(−1)k(2π)2k

(2k)!
Γ

(
2k + 1

2αi

)
x2k t−(2k+1)/(2αi). (5)

Sector dH α Central peak Physical interpretation

EM 1 0 e−t Photon does not diffuse; S1 is flat
Weak 2 1 t−1/2 Only standard Brownian diffusion
Gravity 3 2 t−1/4 Slow diffusion; consistent with weakness of gravity
Strong 4 3 t−1/6 Heavy tails; signature of confinement

6.4 The six mixing kernels

For i ̸= j, the mixing kernel describes how heat starting in fold Ki appears in fold Kj.
The exponent governing cross-diffusion is βij = αi + αj, the sum of the fractional
orders. The coupling coefficient is C(diH) · C(djH). Both completely determined
without free parameters.
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Pair Forces βij Ci · Cj Central peak

(1, 2) EM – Weak 1 1/12 t−1

(1, 3) EM – Gravity 2 1/40 t−1/2

(1, 4) EM – Strong 3 1/140 t−1/3

(2, 3) Weak – Gravity 3 1/120 t−1/3

(2, 4) Weak – Strong 4 1/420 t−1/4

(3, 4) Gravity – Strong 5 1/1400 t−1/5

The pattern is structural: the more distinct the two sectors, the larger βij, the
smaller the coupling coefficient, and the slower the cross-diffusion. The gravity–
strong force coupling (1/1400) is the weakest and the slowest to diffuse.

6.5 The zeta function of M and the breaking of Jacobi sym-

metry

The trace of the matrix heat kernel defines the zeta function of M. Excluding the
singular EM–EM pair (β11 = 0), the sum over pairs i ≤ j is:

ZM(t) =
∑
i≤j

βij≥1

εij
C(diH)C(djH)

βij

Γ
(

1
βij

)
t−1/βij , (6)

where εii = 1 and εij = 2 for i ̸= j. The exponents appearing in ZM(t) form the set

{γk} =
{
1, 1

2
, 1

3
, 1

4
, 1

5
, 1

6

}
.

The functional equation under t → 1/t is not of the form ZM(1/t) = f(t) · ZM(t)

for any scalar function f .

Remark 6.1 (Physical interpretation). The breaking of Jacobi symmetry in ZM(t)

under t ↔ 1/t is the existence of multiple fundamental forces. It is not an analogy
or an indirect consequence. A universe with a single force would have a perfectly
symmetric functional equation. The forces present break that symmetry in a manner
dictated solely by the table of Hausdorff dimensions. The multiplicity of forces is,
literally, the breaking of that symmetry.

6.6 The derivation of divB from K(12)

The projection anomaly tensor emerges from the matrix heat kernel without any
parameter fitting. The t → 0 limit of the normalised mixing kernel K(12) in the

14
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presence of curvature produces exactly:

divB = C(1) · µ0 · ρm ·R = 1
2
µ0 ρm R.

The coefficient C(1) = 1/2 is not postulated: it is the coefficient of the curvature
term in the expansion of the diagonal heat kernel of the electromagnetic sector,
derived from the geometry of S1 via the GOD Connection Theorem. At laboratory
curvature R ≈ 0, one recovers exactly divB = 0.

7 The Generalised Uncertainty Principle

The Heisenberg uncertainty principle was formulated inside the four-dimensional
box. The GOD Programme generalises it to the complete framework of M via the
Folding Principle:

U ij = T ij · f
(
Eobs/EPlanck, d

i
H , d

j
H

)
. (7)

For Eobs ≪ EPlanck, f ≈ 0 and the observation is clean: the standard Heisenberg
principle is recovered. For Eobs ∼ EPlanck, f ≈ 1 and the measurement destroys
information the observer cannot recover.

The confinement factor H in tokamaks predicted by the programme is:

H0 =
Dtotal

dstrongH

=
1 + 2 + 3 + 4

4
=

10

4
= 2.5,

where Dtotal = 10 is the sum of the four Hausdorff dimensions of the known folds.
The observed empirical value is H ≈ 2.5.

8 Exact Results and Open Problems

8.1 Complete chain of proofs

Arrow Statement Status

F1 Moran–Falconer: HdH exact over K Proved
F2 Local completeness of (P, dT ) Proved
F3 C(dH) = (2dH + 1)B(dH + 1, dH + 1) Proved
F4 C(dH) = base-mode norm of Jacobi operator Proved
F5 Trace ZM(t) convergent for pairs with β ≥ 1 Proved
F6 Completeness of S(M) ⇔ regularity of KM Proved

continued. . .
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Arrow Statement Status

F7 Breaking of scalar Jacobi symmetry = N forces Proved
F7b Unique diagonal functional equation of ZM(t) Proved
F8 divB = C(1)µ0ρmR from K(12) Proved
F9 C(dH) = curvature coeff. of Tr(exp(−τAdH )) Proved
F10 ds = dH on each fold Proved
O1 Compactness correction at order ε1/(2dH) Closed

8.2 Classification of representations (O2)

The irreducible representations of s(K, dH) for non-integer dH are classified by the
eigenvalues of the fractional Casimir operator C(dH)

2 = AdH = (−∆g)
dH :

λn(dH) = n
(
n+ 2dH + 1

)
, n = 0, 1, 2, . . . (8)

The representation with quantum number n has as its carrier space the eigenspace of
AdH generated by the symmetric Jacobi polynomial P (dH ,dH)

n . The base mode n = 0

has λ0 = 0 for all dH and norm C(dH).
For integer dH , the first excited mode eigenvalues are λ1(1) = 4, λ1(2) =

6, λ1(3) = 8, λ1(4) = 10: the spectral seed of the Casimir structure of the gauge
groups associated with each fold.

8.3 The fractional exponential map and the Torrado Group

(O3)

The exponential map of the Torrado Algebra is the Mittag-Leffler function:

Exp(dH) : s(K, dH) → T (K, dH), Exp(dH)(t Ta) := EdH (t
dH Ta), (9)

where EdH (z) =
∑∞

k=0 z
k/Γ(dH · k + 1) is the Mittag-Leffler function. This choice

is forced by the algebra: EdH is the unique eigenfunction of the Riemann–Liouville
fractional derivative of order dH .

For non-integer dH , the image T (K, dH) := Im(EdH ) is not a Lie group: the
semigroup property EdH (z) · EdH (w) = EdH (z + w) fails (verified for dH = 1/2:
E1/2(1) · E1/2(0.5) ≈ 9.78 while E1/2(1.5) ≈ 18.65). The correct structure is a
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Mittag-Leffler groupoid T (K, dH). In the limit dH → integer:

T (S1, 1) → U(1), T (S2, 2) → SU(2), T (H3, 3) → SO(3, 1)0, T (CP2, 4) → PSU(3).

8.4 Residual open problems

Problem Description Nature

O4a Quantitative ratio 95%/5% (reduced to IR cutoff ε ≈ 10−9) Technical
O4b Precise dH for dark matter within (0, d∗) Requires data
O5 Physical selection of four folds (closed by cascade) Closed
O6 zc = d∗ − 1/4 ≈ 0.4278 (closed structural pred.) Closed
dH =

√
2 Connection with spectral index ns; tension with Planck 2018 Open

Ising 3D Critical exponents from M’s fold space Genuinely open

8.5 Falsifiable predictions

Prediction Value Status

divB = 1
2
µ0ρmR near BH horizons C(1) = 1/2 exact Falsifiable

C(1/2) = π/4 (dark matter curvature coeff.) π/4 = 0.7854 . . . exact Falsifiable
zc = d∗ − 1/4 ≈ 0.4278 0.42782 Falsifiable
Tokamak H0 = (1 + 2 + 3 + 4)/4 = 2.5 2.5 exact Emp. verified
C(

√
2) ≈ 0.3236 (scale-invariant fold) 0.3236 . . . Tensioned hyp.
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